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A CHARACTERISATION OF UNIFORM PRO-p GROUPS
BENJAMIN KLOPSCH AND ILIR SNOPCE
Abstract. Let p be a prime. Uniform pro-p groups play a central role in the
theory of p-adic Lie groups. Indeed, a topological group admits the structure
of a p-adic Lie group if and only if it contains an open pro-p subgroup which is
uniform. Furthermore, uniform pro-p groups naturally correspond to powerful
Zp-Lie lattices and thus constitute a cornerstone of p-adic Lie theory.
In the present paper we propose and supply evidence for the following con-
jecture, aimed at characterising uniform pro-p groups. Suppose that p ≥ 3 and
let G be a torsion-free pro-p group of finite rank. Then G is uniform if and only
if its minimal number of generators is equal to the dimension of G as a p-adic
manifold, i.e., d(G) = dim(G). In particular, we prove that the assertion is true
whenever G is soluble or p > dim(G).
1. Introduction
Throughout let p be a prime. Lazard’s seminal paper Groupes analytiques
p-adiques [13], published in 1965, provides a comprehensive treatment of the the-
ory of p-adic analytic Lie groups. One of his main results was a solution of the
p-adic analogue of Hilbert’s 5th problem. More precisely, he obtained the fol-
lowing algebraic characterisation of p-adic analytic groups: a topological group is
p-adic analytic if and only if it contains a finitely generated open pro-p subgroup
which is saturable. In the 1980s Lubotzky and Mann introduced the concept of a
powerful pro-p group and used this notion to re-interpret the group-theoretic as-
pects of Lazard’s work, by and large sidestepping the analytic side of the theory.
Central to their approach are the uniformly powerful pro-p groups, which play
a role similar to the one of saturable pro-p groups in Lazard’s work. A detailed
treatment of p-adic analytic groups from this point of view and a sample of its
manifold applications are given in [1].
A pro-p group G is said to be powerful if p ≥ 3 and [G,G] ≤ Gp, or p = 2
and [G,G] ≤ G4. Here, [G,G] and Gp denote the (closures of the) commutator
subgroup and the subgroup generated by all pth powers. The definition of a
uniformly powerful pro-p group is stated in Section 2. For the moment it suffices
to recall that a pro-p group is uniformly powerful, or uniform for short, if and only
if it is finitely generated, powerful and torsion-free. The rank of a pro-p group G
is the basic invariant
rk(G) := sup{d(H) | H a closed subgroup of G},
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where d(H) denotes the minimal cardinality of a topological generating set for H .
The class of p-adic analytic groups can now be characterised as follows; see [1,
Corollary 8.34]. A topological group admits the structure of a p-adic analytic Lie
group if and only if it contains an open pro-p subgroup of finite rank. Moreover,
a pro-p group has finite rank if and only if it admits a uniform open subgroup.
A key invariant of a p-adic Lie group G is its dimension as a p-adic manifold
which we denote by dim(G). Algebraically, dim(G) can be described as d(U),
where U is any uniform open pro-p subgroup of G. In [10] it is shown that, for
p ≥ 3, every torsion-free compact p-adic Lie group G satisfies rk(G) = dim(G).
1.1. Main results. The purpose of the present paper is to propose a new charac-
terisation of uniform pro-p groups in terms of their minimal numbers of generators.
It is well known that every uniform pro-p group G satisfies d(G) = dim(G). We
propose and supply evidence for the following conjecture.
Conjecture 1.1. Suppose that p ≥ 3 and let G be a torsion-free pro-p group of
finite rank. Then G is uniform if and only if d(G) = dim(G).
Standard examples show that the assertion of the conjecture cannot extend to
p = 2 without modifications; see Section 2. It is not quite clear what one could
reasonably hope for in this case and for now we shall concentrate on p ≥ 3. Our
first results imply that Conjecture 1.1 is indeed true for soluble pro-p groups.
Every profinite group G of finite rank has a maximal finite normal subgroup. We
refer to this subgroup as the periodic radical of G and denote it by π(G).
Theorem 1.2. Suppose that p ≥ 5 and let G be a soluble pro-p group of finite
rank such that π(G) = 1. If d(G) = dim(G) then G is uniform.
In Section 2 we give an example to show that the assertion of Theorem 1.2 does
not extend to p = 3 without modifications. Nevertheless a separate analysis leads
to the following somewhat weaker theorem, still confirming Conjecture 1.1.
Theorem 1.3. Let G be a torsion-free soluble pro-3 group of finite rank. If d(G) =
dim(G) then G is uniform.
For a finitely generated nilpotent group Γ we denote by Π(Γ) the set of all primes
q such that Γ contains an element of order q. It is known that the torsion elements
of Γ form a finite subgroup, hence the set Π(Γ) is finite. As a consequence of the
above theorems we obtain the following corollary.
Corollary 1.4. Let Γ be a finitely generated nilpotent group and let h(Γ) denote
the Hirsch length of Γ. Suppose that p /∈ Π(Γ) ∪ {2}. Then the pro-p completion
Γ̂p of Γ is a uniform pro-p group if and only if dimFp(Γ/Γ
p[Γ,Γ]) = h(Γ).
Our current results for insoluble groups are not quite strong enough to settle
Conjecture 1.1 in full generality. However, we are able to confirm the conjecture
for a wide range of groups.
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From [2] we recall that a subgroup N of a pro-p group G is PF-embedded in G
if there exists a central descending series of closed subgroups Ni, i ∈ N, starting
at N1 = N such that
⋂
i∈NNi = 1 and [Ni, G, . . . , G︸ ︷︷ ︸
p−1
] ≤ Npi+1 for all i ∈ N.
Theorem 1.5. Suppose that p ≥ 3. Let G be a pro-p group of finite rank with an
open PF-embedded subgroup and such that the map G → G, x 7→ xp is injective.
If d(G) = dim(G) then G is uniform.
It is not hard to see that every closed subgroup of a finitely generated saturable
pro-p group has an open PF-embedded subgroup. Since it is one of the built-in
features of a saturable pro-p group G that the map G → G, x 7→ xp is injective,
we obtain immediately the following corollary.
Corollary 1.6. Suppose that p ≥ 3 and let G be a closed subgroup of a finitely
generated saturable pro-p group. If d(G) = dim(G) then G is uniform.
We recall that every uniform pro-p group is saturable, albeit the converse is
not true; see [9]. The next corollary can be used to produce easily examples of
saturable groups which are not uniform.
Corollary 1.7. Suppose that p ≥ 3 and let G be a finitely generated saturable
pro-p group. Then G is uniform if and only if d(G) = dim(G).
Furthermore, a result of Gonza´lez-Sa´nchez and Klopsch in [7] allows us to derive
the following consequence.
Corollary 1.8. Let G be a torsion-free pro-p group of finite rank such that p >
dim(G). If d(G) = dim(G) then G is uniform.
Finally, it is natural to ask whether there is an analogue of Conjecture 1.1 for
finite p-groups. Currently, there is perhaps not enough evidence to support a
‘formal’ conjecture, but we can raise the following problem. For a finite p-group
G the subgroup Ω1(G) is the group generated by all elements of order p in G.
Question 1.9. Suppose that p ≥ 3 and let G be a finite p-group. Is it true that
G is powerful if and only if d(G) = logp|Ω1(G)|?
Similarly as for Conjecture 1.1, the forward implication in Question 1.9 is known
to be true. Suppose that p ≥ 3 and let G be a powerful finite p-group. Then
|G : Gp| = |Ω1(G)|, by [20, Theorem 3.1], and from [G,G] ⊆ G
p we conclude that
d(G) = |G : Gp| = |Ω1(G)|. The actual problem is whether the implication in
the other direction is true. Our next result shows that a positive answer to this
question would resolve Conjecture 1.1.
Proposition 1.10. Conjecture 1.1 is true if the answer to Question 1.9 is ‘yes’.
Section 2 contains a variation of Question 1.9 and a short discussion, showing
that the answer is indeed ‘yes’ for certain special classes of groups, namely for
finite p-groups which are regular, potent or p-central.
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1.2. Some applications. The property of being powerful is readily inherited by
factor groups and by direct products, but straightforward examples show that
often it is not inherited by subgroups. We say that a pro-p group G is hereditarily
powerful if every open subgroup of G is powerful. Similarly, we say that G is
hereditarily uniform if every open subgroup of G is uniform. In [15] Lubotzky
and Mann proved that a finite p-group is hereditarily powerful if and only if it is
modular and, if p = 2, not Hamiltonian. From their result we deduce the following.
Theorem 1.11 (Lubotzky and Mann). Let G be a finitely generated pro-p group.
Then G is hereditarily powerful if and only if there exist an abelian normal subgroup
A of G, an element b ∈ G and s ∈ N ∪ {∞}, with s ≥ 2 if p = 2, such that
G = 〈b〉A,
where the group A is written additively and b acts as multiplication by 1 + ps.
Corollary 1.12. Let G be a finitely generated pro-p group. Then G is hereditarily
uniform if and only if one of the following holds:
(1) G ∼= Zdp is abelian for some d ∈ {0} ∪ N;
(2) G ∼= 〈b〉 ⋉ A for 〈b〉 ∼= Zp and A ∼= Z
d−1
p , where d ≥ 2 and b acts on A as
multiplication by 1 + ps for some s ∈ N, with s ≥ 2, if p = 2.
In [11] the authors of the present paper used Lie ring methods to classify all
finitely generated pro-p groups with constant generating number on open sub-
groups; see Theorem 3.1. In Section 3 we indicate how Corollary 1.12 yields an
alternative proof in the case p ≥ 3, which does not require Lie ring techniques.
1.3. Notation. Throughout the paper, p denotes a prime. The p-adic integers
and p-adic numbers are denoted by Zp and Qp. We write Cp to refer to a cyclic
group of order p.
Subgroups H of a topological group G are tacitly taken to be closed and by
generators we mean topological generators as appropriate. The minimal number
of generators of a group G is denoted by d(G). Likewise the minimal cardinality
of a generating set for a module M over a ring R is denoted by dR(M).
A pro-p group G is said to be just-infinite if it is infinite and every non-trivial
normal subgroup of G has finite index in G. Precise descriptions of uniform and
saturable pro-p groups are given in Section 2.
2. Uniform pro-p groups
2.1. Let G be a pro-p group. The lower central p-series of G is defined as follows:
P1(G) = G and Pi+1(G) = Pi(G)
p[Pi(G), G] for i ∈ N. We recall the definition of
a uniformly powerful pro-p group.
Definition 2.1. A pro-p group G is uniformly powerful, or uniform for short, if
(i) G is finitely generated;
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(ii) G is powerful, i.e., [G,G] ⊆ Gp if p ≥ 3, and [G,G] ⊆ G4 if p = 2;
(iii) |Pi(G) : Pi+1(G)| = |G : P2(G)| for all i ∈ N.
A useful characterisation of uniform pro-p groups is the following.
Theorem 2.2 ([1, Theorem 4.5]). A pro-p group is uniform if and only if it is
finitely generated, torsion-free and powerful.
If a finitely generated pro-p group G is powerful, then it has rank rk(G) = d(G),
but the converse does not generally hold; see [1, Theorem 3.8]. In view of [10,
Theorem 1.3], we can rephrase Conjecture 1.1 as follows.
Conjecture. Suppose that p ≥ 3 and let G be a pro-p group. Then G is uniform
if and only if it is finitely generated, torsion-free and rk(G) = d(G).
2.2. We now prove the results about soluble pro-p groups stated in Section 1.1.
Furthermore, we provide examples to explain the restrictions that we impose on p.
Proof of Theorem 1.2. Suppose that d(G) = dim(G). We need to prove that G is
powerful and torsion-free. If G is the trivial group there is nothing further to do.
Hence suppose that G 6= 1.
First we show that G is powerful. Choose a normal subgroup N of G such that
H := G/N is just-infinite. Note that both π(N) and π(H) are trivial. By [10,
Theorem 1.3] we have d(N) ≤ dim(N) and d(H) ≤ dim(H). Thus we deduce from
[1, Theorem 4.8] that
dim(G) = d(G) ≤ d(H) + d(N) ≤ dim(H) + dim(N) = dim(G),
which implies d(H) = dim(H) and d(N) = dim(N). Since dim(N) < dim(G), it
follows by induction that N is powerful. We observe that in order to show that G
is powerful it suffices to show that H is powerful: if H is powerful then
|G : Gp| = |G : GpN ||N : N ∩Gp| ≤ |H : Hp||N : Np| = pd(H)+d(N)
= pdim(H)+dim(N) = pdim(G) = pd(G) = |G : Gp[G,G]| ≤ |G : Gp|,
and we obtain [G,G] ≤ Gp.
Therefore we may assume that G = H is just-infinite. Since G is soluble, we
deduce that G is virtually abelian; see [14, Ch. 12]. Put d = d(G) = dim(G)
and choose an open normal subgroup B E G such that B ∼= Zdp. Let A :=
CG(B) E G, the centraliser of B in G, and write Z(A) for the centre of A. Then
|A : Z(A)| ≤ |A : B| <∞, and hence [A,A] is finite by Schur’s theorem. Since G
is just-infinite we must have [A,A] = 1. Hence A is abelian and self-centralising
in G. Since π(G) = 1, we conclude that A is torsion-free. The group G¯ := G/A
is finite and acts faithfully on A ∼= Zdp. In this way we obtain an embedding
G¯ →֒ GL(A) ∼= GLd(Zp). If G¯ is trivial then G = A is abelian, hence powerful.
For a contradiction, we now assume that G¯ 6= 1. Let C = 〈x〉A be a subgroup
of G such that C¯ := C/A = 〈x¯〉 is cyclic of order p and contained in the centre
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Z(G¯) of G¯. According to [4, Theorem 2.6], there are three indecomposable types
of ZpC¯-modules which are free and of finite rank as Zp-modules:
(i) the trivial module I = Zp of Zp-dimension 1,
(ii) the module J = ZpC¯/(Φ(x¯)) of Zp-dimension p − 1, where Φ(X) = 1 +
X + . . .+Xp−1 denotes the pth cyclotomic polynomial,
(iii) the free module K = ZpC¯ of Zp-dimension p.
Hence the ZpC¯-module A, which is free and of finite rank as a Zp-module, decom-
poses as a direct sum of indecomposable submodules
A = (⊕m1i=1Ii)⊕ (⊕
m2
j=1Jj)⊕ (⊕
m3
k=1Kk),
where m1, m2, m3 ∈ {0} ∪ N and Ii ∼= I, Jj ∼= J , Kk ∼= K for all indices i, j, k.
Put A1 = ⊕
m1
i=1Ii, A2 = ⊕
m2
j=1Jj and A3 = ⊕
m3
k=1Kk. Since C¯ is central in G¯,
the decomposition A = A1 ⊕ A2 ⊕ A3 is G¯-invariant. Since G is just-infinite we
conclude that A = Ai for precisely one i ∈ {1, 2, 3}. We cannot have A = A1,
because C¯ acts faithfully on A. Thus either A = A2 or A = A3, and consequently
dZpC¯(A) ≤ max{m2, m3} ≤ ⌊
d
p−1
⌋. Moreover, [10, Proposition 3.5] shows that
d(G¯) ≤ ⌊ d
p−1
⌋. Hence from p ≥ 5 we obtain
(2.1) d(G) ≤ d(G¯) + dZpC¯(A) ≤ 2⌊d/(p− 1)⌋ < d = dim(G)
in contradiction to d(G) = dim(G). This concludes the proof that G is powerful.
It remains to show that G is torsion-free. By [1, Theorem 4.20], the collection
of all elements of finite order in G forms a characteristic subgroup T of G. Clearly,
T ⊆ π(G) = 1 implies that G is torsion-free. 
The following example illustrates that the assertion of Theorem 1.2 does not
extend without modifications to p = 3.
Example 2.3. Consider the pro-3 group G = 〈z〉⋉Z3[ξ], where 〈z〉 ∼= C3, Z3[ξ] =
Z3 + Z3ξ ∼= Z
2
3 for a primitive 3rd root of unity ξ and where z acts on Z3[ξ] as
multiplication by ξ. One easily verifies that G is not powerful, even though G is
soluble, π(G) = 1 and d(G) = 2 = dim(G).
In order to prove Theorem 1.3 we need to analyse more carefully the case p = 3.
Lemma 2.4. Suppose that p ≥ 3 and let G be a just-infinite soluble pro-p group
of finite rank such that π(G) = 1. If d(G) = dim(G), then dim(G) ≤ 2.
Proof. Suppose that d := d(G) = dim(G). If G is abelian, then G ∼= Zp and d = 1.
Now suppose that G is not abelian. Arguing as in the proof of Theorem 1.2, we
find an open normal subgroup A E G such that the quotient G¯ = G/A 6= 1 acts
faithfully on A ∼= Zdp. Moreover, there is a central cyclic subgroup 〈x¯〉 = C¯ ≤ G¯
of order p such that A, regarded as a ZpC¯-module, decomposes into a G¯-invariant
homogeneous direct sum of pairwise isomorphic indecomposable submodules:
A = ⊕mj=1Jj with d = m(p− 1) or A = ⊕
m
k=1Kk with d = mp,
CHARACTERISATION OF UNIFORM PRO-p GROUPS 7
just as in the proof of Theorem 1.2. If p ≥ 5, then (2.1) yields a contradiction.
Hence we have p = 3. Then d(G¯) ≤ ⌊d/2⌋ by [10, Proposition 3.5] and, if
A = ⊕mk=1Kk with d = 3m, then
d(G) ≤ d(G¯) + dZ3C¯(A) ≤ ⌊d/2⌋+ d/3 < d = dim(G),
yielding a contradiction. Hence we obtain A = ⊕mj=1Jj with d = 2m. We can
regard A as a free module of rank m over the ring R = ZpC¯/(x¯
2+ x¯+1). This ring
is naturally isomorphic to the valuation ring Z3[ξ] of the totally ramified extension
Q3(ξ) of Q3 obtained by adjoining a primitive 3rd root of unity ξ. The element
π represented by x¯ − 1 is a uniformiser of R. We obtain an embedding η : G¯ →֒
GL(A) ∼= GLm(R). The Sylow pro-3 subgroups of GLm(R) are all conjugate to
one another and we may assume that G¯η consists of matrices which are upper
uni-triangular modulo π. If G¯η is not contained in GL1m(R) = ker(GLm(R) →
GLm(R/πR)) then
d(G) ≤ d(G¯) + dRG¯(A) ≤ d/2 + (m− 1) = d− 1 < d = dim(G)
yields a contradiction.
Hence we obtain G¯η ⊆ GL1m(R). We observe that GL
2
m(R) = ker(GLm(R) →
GLm(R/π
2R)) is torsion-free. Since G¯η is finite, this implies that G¯ embeds into
GL1m(R)/GL
2
m(R). But the latter group is elementary abelian, hence G¯ is elemen-
tary abelian. Let F ∼= Q3(ξ) denote the field of fractions of R. Since G is just-
infinite, V := F⊗RA is an irreducible FG¯-module. Since G¯ is abelian of exponent 3
and F contains a primitive 3rd root of unity, we deduce that m = dimF (V ) = 1
and d = 2. 
We remark that Lemma 2.4 has no analogue for insoluble groups, because there
are just-infinite uniform pro-p groups of arbitrarily large dimension.
Lemma 2.5. Let G be a pro-p group with a powerful open normal subgroup N E G,
and suppose that z ∈ G \N . If G is torsion-free, then 〈z〉 ∩ (N \Np) 6= ∅.
Proof. Suppose that G is torsion-free. Without loss of generality we may assume
that zp ∈ N and, for a contradiction, we assume that zp ∈ Np. Note that N is
uniform so that zp = ap for a ∈ N . Furthermore, N admits the structure of a
Zp〈z〉-module which is free and of finite rank over Zp; see [1, Theorem 4.17]. Thus
ap ∈ CN(z) implies a ∈ CN(z) so that (za
−1)p = 1. Since za−1 6= 1, this yields a
contradiction. 
Proof of Theorem 1.3. Suppose that d(G) = dim(G). If G is trivial, there is noth-
ing to prove. Now suppose that G 6= 1 and choose a normal subgroup N E G such
that H := G/N is just-infinite. Proceeding as in the proof of Theorem 1.2, we
conclude that d(N) = dim(N) and d(H) = dim(H). By induction, N is uniform.
Moreover, since π(H) = 1, Lemma 2.4 implies that dim(H) ≤ 2.
For a contradiction, assume that dim(H) = 2.
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Claim. We have H ∼= 〈z¯〉 ⋉ Z3[ξ], where 〈z¯〉 ∼= C3, Z3[ξ] = Z3 + Z3ξ ∼= Z
2
3 for a
primitive 3rd root of unity ξ and where z¯ acts on Z3[ξ] as multiplication by ξ.
Proof of the claim. We analyse H as before. Let A ∼= Z23 be a self-centralising
normal subgroup of H . Then H/A acts faithfully on A so that we obtain an
embedding H¯ = H/A →֒ GL2(Z3). Inspection of the Sylow pro-3 subgroup of
GL2(Z3) shows that H¯ ∼= C3 is acting fixed-point-freely on A. Thus H = 〈z¯〉⋉A,
where z¯ has order 3 and acts on A ∼= Z3[ξ] as multiplication by a 3rd root of 1.
This proves the claim.
In particular, d(H) = 2 and we can complement z¯ to a generating pair for H .
Choose a pre-image z ∈ G of z¯ with respect to the quotient map G→ G/N . Since
G is torsion-free, the powerful group N is uniform and Lemma 2.5 implies that
z3 ∈ N \N3 = N \N3[N,N ]. This implies that
d(G) ≤ d(H) + (d(N)− 1) = dim(H) + dim(N)− 1 < dim(G),
which is a contradiction.
This forces dim(H) = 1 so that H ∼= Z3 is powerful. From
3dim(G) = 3d(G) ≤ |G : G3| ≤ 3|N : N3| = 31+dim(N) = 3dim(G)
it follows that |G : G3[G,G]| = 3d(G) = |G : G3|. We deduce that [G,G] ⊆ G3.
Hence G is powerful and, because G is torsion-free, G is uniform. 
Implicitly the proofs of Theorems 1.2 and 1.3 also yield the following fact.
Proposition 2.6. Suppose that p ≥ 3 and let G be a soluble uniform pro-p group.
Then G is poly-Zp, i.e., there exists a finite chain of subgroups G = G1 ⊇ . . . ⊇
Gr+1 = 1 such that Gi+1 E Gi and Gi/Gi+1 ∼= Zp for 1 ≤ i ≤ r.
Example 2.7. Consider the metabelian group G := 〈y〉 ⋉ A, where 〈y〉 ∼= Z2,
A ∼= Zd−12 with d ≥ 2 and y acts on A as scalar multiplication by −1. Note that
G is not powerful, even though it is torsion-free and d(G) = dim(G) = rk(G).
Proof of Corollary 1.4. By [16, Proposition 16.4.2(v)] the pro-p completion Γ̂p of
Γ is a torsion free pro-p group of finite rank and dim(Γ̂p) = h(Γ). Clearly, Γ̂p is
soluble. Now, using Theorems 1.2 and 1.3, we deduce that Γ̂p is a uniform pro-p
group if and only if d(Γ̂p) = dim(Γ̂p). Since
d(Γ̂p) = dimFp(Γ̂p/(Γ̂p)
p[Γ̂p, Γ̂p]) = dimFp(Γ/Γ
p[Γ,Γ]),
the assertion follows. 
Let Γ be a finitely generated nilpotent group. If Γ/[Γ,Γ] and Γ have the same
Hirsch length, i.e., h(Γ/[Γ,Γ]) = h(Γ), then [Γ,Γ] is finite and Γ is an FC-group,
i.e., a group with finite conjugacy classes, so that |Γ : Z(Γ)| <∞. In this case Γ̂p
is uniform for almost all primes p. On the other hand, if h(Γ/[Γ,Γ]) < h(Γ) then
Γ̂p is uniform for at most finitely many primes p: the group fails to be uniform for
all p with p /∈ Π(Γ/[Γ,Γ]). This should be contrasted with the fact that in any
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case Γ̂p is saturable for almost all primes p, because it is so for all p /∈ Π(Γ) with
p > h(Γ), by [7, Theorem A].
2.3. Next we prove the assertions in Section 1.1 about pro-p groups G of finite
rank which are not necessarily soluble. We recall the following concepts from [2].
Definition 2.8. Let G be a pro-p group. A potent filtration in G is a descending
series Ni, i ∈ N, of subgroups of G satisfying the following conditions:
(i)
⋂
i∈NNi = 1,
(ii) [Ni, G] ≤ Ni+1 for all i ∈ N,
(iii) [Ni, G, . . . , G︸ ︷︷ ︸
p−1
] ≤ Npi+1 for all i ∈ N.
We say that a subgroup N ofG is PF-embedded in G if there is a potent filtration
in G starting at N . The pro-p group G is called a PF-group if G is PF-embedded
in itself.
Note that if Ni, i ∈ N, is a potent filtration in a pro-p group G then for each
k ∈ N the series Ni, i ≥ k, is a potent filtration starting at Nk. In particular, each
Nk is a PF-group.
A finitely generated pro-p group is saturable if it admits a certain type of ‘valu-
ation map’; for precise details we refer to [9]. For instance, if G is a uniform pro-p
group then one can show that G is saturable by considering the valuation map
ω : G→ R>0 ∪ {∞}, x 7→ sup{k | k ≥ 1 and x ∈ G
pk−1}.
In [5], Gonza´lez-Sa´nchez proved that a finitely generated pro-p groupG is saturable
if and only if it is a torsion-free PF-group.
Proof of Theorem 1.5. Suppose that d(G) = dim(G). Clearly, G is torsion-free
and it suffices to prove that G is powerful. Let N be an open PF-embedded
subgroup of G and let Ni, i ∈ N, be a potent filtration in G starting at N1 = N .
For any subset X ⊆ G we denote by X{p} the collection of all pth powers xp of
elements x ∈ X . Since N is a saturable pro-p group, we have Np = N{p}.
Claim. For every x ∈ G we have (xN){p} = xpNp.
Proof of the claim. P. Hall’s collection formula shows that for all x ∈ G and
u ∈ N ,
(xu)p ≡ xpup mod γ2(〈x, u〉)
pγp(〈x, u〉).
Since Ni, i ∈ N, is a potent filtration inG it follows that for all x ∈ G and w ∈ Ni
we have γ2(〈x, w〉)
p ⊆ [Ni, G]
p ⊆ Npi+1 and γp(〈x, w〉) ⊆ [Ni, G, . . . , G︸ ︷︷ ︸
p−1
] ⊆ Npi+1.
This implies that
(2.2) (xw)p ≡ xpwp mod Npi+1
for all x ∈ G and w ∈ Ni. Now since N = N1, we deduce that (xN)
{p} ⊆ xpNp.
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For the reverse inclusion, we need to show that, given x ∈ G and u ∈ N , there
exists v ∈ N such that (xv)p = xpup. Note that by (2.2) we have (xu)pup2 = x
pup
for some u2 ∈ N2. Applying once more (2.2), we obtain (xuu2)
pup3 = x
pup for some
u3 ∈ N3. Proceeding in this way, we construct inductively a sequence (ui)
∞
i=1, with
u1 = u, such that ui ∈ Ni and (xu1u2 · · ·ui)
pupi+1 = x
pup for every i ∈ N. Writing
vi = u1u2 · · ·ui, we see that (vi)
∞
i=1 is a Cauchy sequence and, taking limits, we
obtain (xv)p = xpup, where v = lim
i→∞
vi ∈ N . This proves the claim.
Now suppose that x, y ∈ G with xpNp = ypNp. Then there exists u ∈ N
such that (xu)p = yp. Since the p-power map is injective on G, we conclude
that xu = y so that xN = yN . Hence G → G, x 7→ xp induces a bijective
correspondence between the cosets of N in G and their pth powers, i.e., a bijection
{xN | x ∈ G} → {xpNp | x ∈ G}, xN 7→ (xN){p} = xpNp.
Let µ be the normalised Haar measure on the compact groupG so that µ(G) = 1.
Since N is a saturable open subgroup of G, note that |N : Np| = pdim(N) = pdim(G).
For every x ∈ G we see that
µ(xpNp) = µ(Np) = |N : Np|−1µ(N) = p− dim(G)|G : N |−1,
and thus we conclude that
µ(G{p}) = |G : N |
(
p− dim(G)|G : N |−1
)
= p− dim(G).
Using d(G) = dim(G), this yields
pd(G) = |G : Gp[G,G]| ≤ |G : Gp| = (µ(Gp))−1 ≤
(
µ(G{p}
)−1
= pdim(G) = pd(G).
Hence [G,G] ⊆ Gp, and G is powerful. 
Proof of Corollary 1.6. Suppose that G is a subgroup of a finitely generated sat-
urable pro-p group S. Since S is saturable, the map S → S, x 7→ xp is injective
and therefore its restriction to G is also injective. By Theorem 1.5 it suffices to
show that G has an open PF-embedded subgroup.
The saturable closure of G in S, denoted by satS(G), is a saturable subgroup of
S which contains G as an open subgroup and is the smallest saturable subgroup
with this property; see [13] or [9]. Replacing S by satS(G), we may assume that
|S : G| is finite. Since S is saturable, it is a PF-group. Let Si, i ∈ N, be a
potent filtration of S starting at S1 = S. Since |S : G| < ∞, there exists a
positive integer k such that Sp
k
⊆ G. Then Sp
k
is an open subgroup of G and
[2, Proposition 3.2(iii)] implies that Sp
k
i , i ∈ N, is a potent filtration of S. In
particular, Sp
k
is an open PF-embedded subgroup of G. 
As mentioned in the introduction, saturable pro-p groups need not be uniform.
Corollary 1.7, which provides a practical criterion for deciding whether a saturable
group is uniform, is a direct consequence of Corollary 1.6.
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Proof of Corollary 1.8. In [7] Gonza´lez-Sa´nchez and Klopsch proved that every
torsion-free p-adic analytic pro-p group of dimension less than p is saturable. Thus
the assertion follows from Corollary 1.7. 
Suppose that p ≥ 3. We recall that a subgroup N of G is powerfully embedded
in G if [N,G] ⊆ Np. If N is powerfully embedded in G then Np
i−1
, i ∈ N, is a
potent filtration in G; in particular, N is PF-embedded in G. Thus we obtain
from Theorem 1.5 also the following corollary.
Corollary 2.9. Suppose that p ≥ 3. Let G be a pro-p group of finite rank with
an open powerfully embedded subgroup and such that the map G → G, x 7→ xp is
injective. If d(G) = dim(G) then G is uniform.
2.4. Finally, we explore a possible analogue of Conjecture 1.1 for finite p-groups,
as suggested toward the end of Section 1.1.
Proof of Proposition 1.10. Let p ≥ 3 and suppose that the answer to Question 1.9
is ‘yes’. Let G be a torsion-free pro-p group of finite rank such that d(G) = dim(G).
We need to prove that G is powerful.
Let U be a uniform open normal subgroup of G. The open subgroups Up
n
,
n ∈ N form a base for the neighbourhoods of 1 in G. By Lemma 2.5 we have that
{x ∈ G | xp ∈ Up} ⊆ U . Since U is uniform, this implies that for all n ∈ N,
(2.3) Ω1(G/U
pn) = 〈xUp
n
∈ G/Up
n
| xp ∈ Up
n
〉 = Up
n−1
/Up
n
has size pdim(U). Since p ≥ 3, we conclude from a result of Laffey [12, Corollary 2]
that
dim(G) = d(G) = lim sup
n∈N
d(G/Up
n
) ≤ lim sup
n∈N
logp|Ω1(G/U
pn)| = dim(G).
This implies that d(G/Up
n
) = logp|Ω1(G/U
pn)| = d(G) for infinitely many n ∈ N.
Let k be the smallest positive integer such that d(G/Up
k
) = d(G). Then for
each n ≥ k we have d(G) ≥ d(G/Up
n
) ≥ d(G/Up
k
) = d(G), and consequently,
d(G/Up
n
) = d(G) = logp|Ω1(G/U
pn)|. The positive answer to Question 1.9 implies
that G/Up
n
is a powerful finite p-group for each n ≥ k. Since G is the inverse
limit of the groups G/Up
n
, n ≥ k, we deduce from [1, Corollary 3.3] that G is
powerful. 
We remark that the group Ω1(G/U
pn) = Up
n−1
/Up
n
in (2.3) is an elementary
abelian p-group. The proof of Proposition 1.10 shows that Conjecture 1.1 is true
whenever the following ‘weaker’ version of Question 1.9 has a positive answer.
Question 2.10. Suppose that p ≥ 3 and let G be a finite p-group such that Ω1(G)
is an elementary abelian p-group. Is it true that G is powerful if and only if
d(G) = logp|Ω1(G)|?
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Using [12, Corollary 2], it is easy to see that Question 1.9 has positive answer
for all finite p-groups G with the property |G : Gp| = |Ω1(G)|. In the 1930s
P. Hall showed that this condition is satisfied for regular p-groups; see [3]. It was
proved more recently in [6] that for p ≥ 3 the same property is shared by every
finite p-group G which is potent, i.e., which satisfies γp−1(G) ≤ G
p; indeed, in this
situation it is true that |N : Np| = |Ω1(N)| for every normal subgroup N of G.
Suppose that p ≥ 3 and consider a finite p-group G with Ω1(G) ≤ Z(G); such
a group is called a p-central group. Suppose that d(G) = logp|Ω1(G)|. Since G is
p-central, by [17, Proposition 4], we have |G : Gp| ≤ |Ω1(G)|. Now from
|Ω1(G)| = p
d(G) = |G : Gp[G,G]| ≤ |G : Gp| ≤ |Ω1(G)|
we deduce that [G,G] ⊆ Gp, which means that G is powerful. Hence for p-central
groups the answer to Question 1.9 is positive.
2.5. We conclude the section with two observations. In [10] Klopsch proved for
p ≥ 3 that every pro-p group G of finite rank with π(G) = 1 satisfies rk(G) =
dim(G). This allows us to replace dim(G) by rk(G) in all the results of this section.
For instance we obtain the following consequence.
Corollary 2.11. Suppose that p ≥ 3. Let G be a finitely generated pro-p group
with an open PF-embedded subgroup and such that the map G → G, x 7→ xp is
injective. If d(G) = rk(G) then G is uniform.
Secondly, we record a straightforward, but useful result, which can be regarded
as a modification of [1, Proposition 4.4].
Proposition 2.12. Let G be a finitely generated powerful pro-p group such that
d(G) = dim(G). Then G is uniform.
Proof. Let Gi = Pi(G), i ∈ N, denote the terms of the lower central p-series
of G, and put di := logp|Gi : Gi+1|. By [1, Theorem 3.6(iv)], we have d1 ≥
d2 ≥ . . ., hence there exists k ∈ N such that di = dk for all i ≥ k. Now, by
[1, Theorem 3.6(ii)], we obtain Pj(Gk) = Gk+j−1 = G
pj
k = Pj+k−1(G) for all
j ∈ N, and [1, Theorem 3.6(i)] shows that Gk is powerful. Moreover, we have
|Pj(Gk) : Pj+1(Gk)| = |Gk : P2(Gk)| for each j ∈ N, which means that Gk is
uniform. Now we have
d(G) = d1 ≥ d2 ≥ . . . ≥ dk = d(Gk) = dim(G) = d(G),
and consequently di = d1 for all i ∈ N. Hence G is uniform. 
3. Hereditarily powerful pro-p groups
In the present section we prove the assertions in Section 1.2.
Proof of Theorem 1.11. Suppose that G is hereditarily powerful. Then G is the
inverse limit of hereditarily powerful finite p-groups Gi, i ∈ I, with respect to
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connecting homomorphisms ϕij : Gi → Gj for i  j, where I is a suitable directed
set. By [15, Theorems 3.1 and 4.3.1], a finite p-group is hereditarily powerful if
and only if it is modular and, if p = 2, not Hamiltonian. (Thus excluded are all
direct products of the quaternion group Q8 with elementary abelian 2-groups.)
Finite modular groups were classified by Iwasawa; see [8] or [18, Theorem 2.3.1].
According to this classification, every finite p-group H which is hereditarily pow-
erful is of the following form: H contains an abelian normal subgroup K such that
H/K is cyclic and there exist an element h ∈ H with H = 〈h〉K and a positive
integer s such that h−1kh = k1+p
s
for all k ∈ K, with s ≥ 2 in case p = 2. Hence
each Gi, i ∈ I, is of this form and we denote by Xi the non-empty, finite set con-
sisting of all triples (Aiλ, biλ, siλ) such that Gi = 〈biλ〉Aiλ with Aiλ E Gi abelian,
siλ ∈ {1, 2, . . . , logp|Gi|} and biλ ∈ Gi acting on Aiλ as multiplication by 1 + p
siλ
(if p = 2 we also require siλ ≥ 2).
We consider the inverse system of the Xi, i ∈ I, with respect to the connecting
maps Xi → Xj for i  j induced by the homomorphisms ϕij : Gi → Gj . By
compactness, the inverse limit X = lim
←−i∈I
Xi is non-empty and any x = (A, b, s) ∈
X yields A E G abelian, b ∈ G and s ∈ N∪{∞} such that G = 〈b〉A with b acting
on A as multiplication by 1 + ps. Moreover, we obtain s ≥ 2 for p = 2.
The proof that groups of the described shape are hereditarily powerful is straight-
forward. 
Proof of Corollary 1.12. By Theorem 2.2, a finitely generated pro-p group is hered-
itarily uniform if and only if it is hereditarily powerful and torsion-free.
Suppose thatG = 〈b〉A is as described in Theorem 1.11 and, in addition, torsion-
free. Put d = dim(G). If G is abelian then G ∼= Zdp. If G is non-abelian then,
because A has elements of infinite order, 〈b〉 ∩ A = 1 so that G is a semidirect
product of 〈b〉 ∼= Zp and A ∼= Z
d−1
p . 
In [11, Theorem 1.1] we classified finitely generated pro-p groups with constant
generating number on open subgroups, that is, pro-p groups G with the property
d(H) = d(G) for every open subgroup H ≤ G; see also [19].
Theorem 3.1 (Klopsch and Snopce). Let G be a finitely generated pro-p group
and let d := d(G). Then G has constant generating number on open subgroups if
and only if it is isomorphic to one of the groups in the following list:
(1) the abelian group Zdp, for d ≥ 0;
(2) the metabelian group 〈y〉⋉ A, for d ≥ 2, where 〈y〉 ∼= Zp, A ∼= Z
d−1
p and y
acts on A as scalar multiplication by λ, with λ = 1+ ps for some s ≥ 1, if
p > 2, and λ = ±(1 + 2s) for some s ≥ 2, if p = 2;
(3) the group 〈w〉⋉B of maximal class, for p = 3 and d = 2, where 〈w〉 ∼= C3,
B = Z3 + Z3ω ∼= Z
2
3 for a primitive 3rd root of unity ω and where w acts
on B as multiplication by ω;
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(4) the metabelian group 〈y〉 ⋉ A, for p = 2 and d ≥ 2, where 〈y〉 ∼= Z2,
A ∼= Zd−12 and y acts on A as scalar multiplication by −1.
Note that, if G is a hereditarily uniform pro-p group, then d(H) = d(G) for
all open subgroups H ≤ G. Hence, Corollary 1.12 can also be regarded as a
consequence of Theorem 3.1.
Conversely, Corollary 1.12 can be used to give a new proof of Theorem 3.1, at
least in the case p ≥ 3. Indeed, the argument given in [11] proceeds by induction on
the index of a saturable open normal subgroup of a given group G with constant
generating number on open subgroups. The induction base, when G itself is
saturable, was established using Lie ring methods. For p ≥ 3 we can use the results
in the present paper to give a new proof of the base step as follows. Suppose
that G is saturable and d(H) = d(G) for all open subgroups H ≤ G. Then
d(H) = dim(H) for all open subgroups H ≤ G and, by Corollary 1.6, the group G
is hereditarily uniform. Hence G is one of the groups described in Corollary 1.12.
This establishes [11, Corollary 2.4]; for the induction step one proceeds in the
same way as in [11].
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